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QUANTITATIVE STATISTICAL STABILITY FOR THE
EQUILIBRIUM STATES OF PIECEWISE PARTIALLY
HYPERBOLIC MAPS.
RAFAEL A. BILBAO, RICARDO BIONI, AND RAFAEL LUCENA
Abstract. We consider a class of endomorphisms which contains a
set of piecewise partially hyperbolic dynamics semi-conjugated to non-
uniformly expanding maps. The aimed transformation preserves a fo-
liation which is almost everywhere uniformly contracted with possible
discontinuity sets, which are parallel to the contracting direction. We
apply the spectral gap property and the ζ-Ho¨lder regularity of the dis-
integration of its equilibrium state to prove a quantitative statistical
stability statement. More precisely, under deterministic perturbations
of the system of size δ, we show that the physical measure varies con-
tinuously with respect to a strong L∞-like norm. Moreover, we prove
that its modulus of continuity is O(δζ log δ).
1. Introduction
The understanding of how statistical properties changes when a system is
perturbed is of great interest for both pure and applied mathematics. When
a certain property of the concerned system varies continuously under deter-
ministic or even stochastic modifications we say that it is statistically stable.
This sort of feature has its main motivation in the studying of how uncertain
affects the quantitative and qualitative measurements of the systems.
The fundamental aspects of the asymptotic behavior of a system are de-
termined by its invariant measure. It tuns out the studying of its statistical
stability of great relevance. And from a functional analytic point of view, the
problem becomes to understand how the eigenvectors of is transfer operator
associated with unitary eigenvalues varies when the system changes. Among
important available tools to reach this end, a remarkable one that can be
cited is the Liverani-Keller stability result (see [21]). But it is not always
suitable. In fact, in the absence of the required hypothesis to apply [21] in
the environment introduced by [19] for Lorenz-like systems, S. Galatolo and
R. Lucena defined a class of anisotropic spaces appropriate to work with the
limitations in hands. Few years later, the general ideas behind the spaces of
[19] showed to be fruitful to study the dynamical features of other classes of
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skew-products, specially the statistical stability. Indeed, [15] used the men-
tioned spaces to establish a quantitative statistical stability and convergence
to equilibrium result for to maps with indifferent fixed points. While [18]
used the spaces to obtain the same results for a class of partially hyperbolic
skew products. Other good results reaching statistical stability statements
are [1], [2], [3], [4], [5], [6], [7], [8], [9] and [10].
Despite the uniform hyperbolic scenario is well understood, the overall
picture of the partially hyperbolic ones is far to be close, specially when non
invertible maps and discontinuities are allowed. Works in this direction are
[18] and [12]. Where the former allow discontinuities and the latter restrict
themselves to smooth invertible systems.
In this paper we obtain a quantitative result on the statistical stability
under deterministic perturbations of the unique equilibrium state in the
anisotropic space S∞. We reach this result by showing that a UPPH-
perturbation (see Definition 5.2) induces a ζ-uniform family of opera-
tors (Definition 4.1) where we apply some results on the regularity of the
invariant measure obtained in [20]. Contrasting with others, this result is
stronger in some directions. For instance, comparing with [12] here we deal
with discontinuities and non invertible maps. Moreover, our weak norm,
where the stability statement is established (see Equation 1, of Theorem D),
is stronger than the L1-like norm used in [15], [18] and [19] (for instance,
see Theorem 9.2 of [19]) to obtain this sort of result.
Statements of the Main Results. Here we expose the main results of this
work. We ordered the theorems in order to clarify the propose os the paper
and how the main result (theorem D) is reached. The following hypothesis
(f1), (f2), (f3), (G1) and (G2) on the system F will be stated in section 2.
The first result guaranties existence and uniqueness of an equilibrium
state for F in the space S∞. More precisely, once the system (f,m1) is fixed,
F := (f,G) has an unique equilibrium state in the space S∞. Moreover,
from a functional point of view, for a given uniform piecewise partially
hyperbolic perturbation (see definition 5.2) it turns out the function
δ 7−→ Fδ 7−→ Fδ∗ 7−→ µδ
well defined (where Fδ∗ is the transfer operator of Fδ), which is important
for the following theorem D. Its proof is given in section 6.
Theorem A. The unique F -invariant probability, µ0 ∈ S∞ is an equilib-
rium state for F .
The following theorem B establishes a general and quantitative relation
between the stochastic perturbation {Lδ}δ∈[0,1) called ζ-uniform family
of operators (see definition 4.1) and the variation of the induced family of
fixed points, {µδ}δ∈[0,1). It states that the function δ 7−→ µδ, given by
δ 7−→ Lδ 7−→ µδ,
varies continuously at 0, with respect to a general weak norm || · ||w, and
gives a explicit bound for its modulus of continuity: O(δζ log δ).
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Theorem B (Quantitative stability for stochastic perturbations). Suppose
{Lδ}δ∈[0,1) is a ζ-uniform family of operators as in Definition 4.1, where µ0
is the unique fixed point of L0 in Bw and µδ is a fixed point of Lδ. Then,
there exists δ0 ∈ (0, 1) such that for all δ ∈ [0, δ0), it holds
||µδ − µ0||w ≤ O(δζ log δ).
The next theorem C, yields that all UPPH-perturbation, {Fδ}δ∈[0,1), in-
duces a well defined function
δ 7−→ Fδ 7−→ Lδ 7−→ µδ,
where Lδ = Fδ∗ (the transfer operator of Fδ). This allows us to apply
theorem B to obtain the main result of this work, theorem D explained
ahead.
Theorem C. Let {Fδ}δ∈[0,1) be a UPPH-perturbation and let {Fδ∗}δ∈[0,1) be
the induced family of transfer operators. Then, {Fδ∗}δ∈[0,1) is a ζ-uniform
family of operators with weak space (L∞, || · ||∞) and strong space (S∞, || ·
||S∞).
The next theorem D gives a relation between the deterministic perturba-
tion called uniform piecewise partially hyperbolic perturbation (or
simply UPPH-perturbation) and the variation of the induced family of equi-
librium states, {µδ}δ∈[0,1). Moreover, it estimates the modulus of continuity
of the induced function δ 7−→ µδ, given by
δ 7−→ Fδ 7−→ Fδ∗ 7−→ µδ,
with respect to the norm || · ||∞. Giving that the modulus is of the order of
δζ log δ.
Theorem D (Quantitative stability for deterministic perturbations). Let
{Fδ}δ∈[0,1) be a Uniform Piecewise Partially Hyperbolic perturbation (see
definition 5.2). Denote by µδ the equilibrium state of Fδ in S
∞, for all δ.
Then, there exists δ0 ∈ (0, δ1) such that for all δ ∈ [0, δ0), it holds
||µδ − µ0||∞ ≤ O(δζ log δ). (1)
The following is the main ingredient to reach theorem D. Is states that
the function
δ 7−→ |µδ|ζ ,
given by the family of equilibrium states {µδ}δ∈[0,1) induced by a UPPH-
perturbation is uniformly bounded.
Theorem E. Let {Fδ}δ∈[0,1) be a UPPH-perturbation and let µδ be the trocar fdelta por
mudeltaunique Fδ-invariant probability in S
∞. Then, there exists Bu > 0 such
that
|µδ|ζ ≤ Bu,
for all δ ∈ [0, 1).
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Plan of the paper. The paper is structured as follows:
• Section 2: we introduce the kind of systems we consider in the pa-
per. Essentially, it is a class of systems which contains a set of
piecewise partially hyperbolic dynamics (F (x, y) = (f(x), G(x, y)))
with a non-uniformly expanding basis map, f , and whose fibers are
uniformly contracted m1-a.e, wherem1 is an f -invariant equilibrium
state;
• Section 3: we expose some tools and preliminary results which are al-
ready established. Most of them are from [19] and [20]. We use them
to introduce the functional spaces used in the paper and discussed
in the previous paragraphs;
• Section 4: we introduce the sort of stochastic perturbation (ζ-uniform
family of operators (see definition 4.1)) we are going to work with
and introduce the basis to obtain theorem B;
• Section 5: we introduce the sort of deterministic perturbation (uniform
piecewise partially hyperbolic perturbation or simply UPPH-
perturbation) we are going to work with and introduce the basis to
obtain theorem D;
• Section 6: we prove theorem A;
• Section 7: we prove theorem B;
• Section 8: we prove theorems C and D;
• Section 9: we prove theorem E.
Acknowledgments. We are thankful to Stefano Galatolo for all valuable
comments and fruitful discussions regarding this work.
This work was partially supported by Alagoas Research Foundation-FAPEAL
(Brazil) Grants 60030 000587/2016, CNPq (Brazil) Grants 300398/2016-6,
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Brazilian-European partnership in Dynamical Systems (FP7-PEOPLE- 2012-
IRSES 318999 BREUDS).
2. Settings
Fix a compact and connected Riemannian manifold, M , equipped with
its Riemannian metric d1. For the sake of simplicity, we suppose that
diam(M) = 1, this is not restrictive but will avoid multiplicative constants.
Moreover, consider a compact metric space (K, d2), endowed with its Borel’s
sigma algebra, B. We set Σ := M × K and we endow this space with the
metric d1 + d2.
2.1. Contracting Fiber Maps with Non Uniformily Expanding Ba-
sis. Let F be the map F : Σ −→ Σ given by
F (x, z) = (f(x), G(x, z)), (2)
where G : Σ −→ K and f :M −→M are measurable maps satisfying what
follows.
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2.1.1. Hypothesis on f . Suppose that f :M −→M is a local diffeomorphism
and assume that there is a continuous function L : M −→ R, s.t. for every
x ∈ M there exists a neighbourhood Ux, of x, so that fx := f |Ux : Ux −→
f(Ux) is invertible and
d1(f
−1
x (y), f
−1
x (z)) ≤ L(x)d1(y, z), ∀y, z ∈ f(Ux).
In particular, #f−1(x) is constant for all x ∈ M . We set deg(f) :=
#f−1(x), the degree of f .
Denote by
ρ(γ) :=
1
|det(f ′(γ))| , (3)
where det(f
′
) is the Jacobian of f with respect to its equilibrium state m1.
Suppose that there is an open region A ⊂ M and constants σ > 1 and
L ≥ 1 such that
(f1) L(x) ≤ L for every x ∈ A and L(x) < σ−1 for every x ∈ Ac.
Moreover, L is close enough to 1: the precise estimation for L is
given in equation (6);
(f2) There exists a finite covering U of M , by open domains of injectivity
for f , such that A can be covered by q < deg(f) of these domains.
Denote by Hζ the set of the Ho¨lder functions h : M −→ R, i.e., if we
define
Hζ(h) := sup
x 6=y
|h(x) − h(y)|
d1(x, y)ζ
,
then
Hζ := {h :M −→ R : Hζ(h) <∞}.
Next, (f3) is an open condition relatively to the Ho¨lder norm and equation
(5) means that ρ belongs to a small cone of Ho¨lder continuous functions (see
[13]).
(f3) There exists a sufficiently small ǫρ > 0 s.t.
sup log(ρ)− inf log(ρ) < ǫρ; (4)
and
Hζ(ρ) < ǫρ inf ρ. (5)
Precisely, we suppose the constants ǫρ and L satisfy the condition
exp ǫρ ·
(
(deg(f)− q)σ−α + qLα[1 + (L− 1)α]
deg(f)
)
< 1. (6)
According to [13], such a map (satisfying (f1), (f2) and (f3)) f :M −→M
has an invariant probability m1 of maximal entropy, absolutely continuous
with respect to a conformal measure, and its Perron-Frobenius operator
with respect to m1, Pf : L
1
m1
−→ L1m1 , defined for ϕ ∈ L1m1 by Pf (ϕ)(x) =∑deg(f)
i=1 ϕ(xi)ρ(xi) (xi is the i-th pre-image of x, i = 1, · · · ,deg(f)), satisfies
the following three results which proofs can be found in [20].
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Theorem 2.1. There exist 0 < r < 1 and D > 0 s.t. for all ϕ ∈ Hζ , with∫
ϕdm1 = 0, it holds
|Pfn(ϕ)|ζ ≤ Drn|ϕ|ζ ∀ n ≥ 1,
where |ϕ|ζ := Hζ(ϕ) + |ϕ|∞ for all ϕ ∈ Hζ.
Remark 2.2. By (f2), (see [20]) there exists a disjoint finite family, P, of
open sets, P1, · · · , Pdeg (f), s.t.
⋃deg (f)
i=1 Pi = M m1-a.e., and f |Pi : Pi −→
f(Pi) is a diffeomorfism for all i = 1, · · · deg (f). Moreover, f(Pi) = M
m1-a.e., for all i = 1, · · · ,deg(f). Therefore, it holds that
Pf (ϕ)(x) =
deg (f)∑
i=1
ϕ(xi)ρ(xi)χf(Pi)(x),
for m1-a.e. x ∈M , where
ρi(γ) :=
1
|det(f ′i (γ))|
and fi = f |Pi . This expression will be used later on.
Theorem 2.3. (Lasota-Yorke inequality) There exist k ∈ N, 0 < β0 < 1
and C > 0 such that, for all g ∈ Hζ , it holds
|Pkf g|ζ ≤ β0|g|ζ + C|g|∞, (7)
where |g|ζ := Hζ(g) + |g|∞.
Corollary 2.4. There exist constants B3 > 0, C2 > 0 and 0 < β2 < 1 such
that for all g ∈ Hζ , and all n ≥ 1, it holds
|Pnf g|ζ ≤ B3βn2 |g|ζ + C2|g|∞, (8)
where |g|ζ := Hζ(g) + |g|∞.
2.1.2. Hypothesis on G. We suppose that G : Σ −→ K satisfies:
(G1) G is uniformly contracting on m1-a.e. vertical fiber, γx := {x} ×K.
Precisely, there is 0 < α < 1 such that for m1-a.e. x ∈M it holds
d2(G(x, z1), G(x, z2)) ≤ αd2(z1, z2), ∀z1, z2 ∈ K. (9)
We denote the set of all vertical fibers γx, by Fs:
Fs := {γx := {x} ×K;x ∈M}.
When no confusion is possible, the elements of Fs will be denoted simply
by γ, instead of γx.
(G2) Let P1, · · · , Pdeg(f) be the partition of M given in Remark 2.2. Sup-
pose that
|Gi|ζ := sup
y
sup
x1,x2∈Pi
d2(G(x1, y), G(x2, y))
d1(x1, x2)ζ
<∞. (10)
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And denote by |G|ζ the following constant
|G|ζ := max
i=1,··· ,s
{|Gi|ζ}. (11)
Remark 2.5. The condition (G2) means that G can be discontinuous on
the sets ∂Pi×K, for all i = 1, · · · ,deg(f), where ∂Pi denotes the boundary
of Pi.
2.2. Examples.
Example 2.1. Let f0 : T
d −→ Td be a linear expanding map. Fix a covering
P and an atom P1 ∈ P which contains a periodic point (maybe fixed point) p.
Then, consider a perturbation f , of f0, inside P1 by a pitchfork bifurcation,
in a way that p becomes a saddle for f . Therefore, f coincides with f0
in P c1 , where we have uniform expansion. The perturbation can be made
in a way that (f1) is satisfied, i.e., is never too contracting in P1 and f is
still a topological mixing. Note that a small perturbation with the previous
properties may not exist. If it does, then (f3) is satisfied. In this case, m1
is absolutely continuous with respect to the Lebesgue measure which is an
expanding conformal and positive measure on open sets. Hence, there can
be no periodic attractors.
Example 2.2. In the previous example, assume that f0 is diagonalisable,
with eigenvalues 1 < 1 + a < λ, associated to e1, e2 respectively, and x0 is a
fixed point. Fix a, ǫ > 0 such that log(1+a1−a) < ǫ and
exp ǫ
(
(deg(f0)− 1)(1 + a)−α + (1/(1 − a))α[1 + (a/(1 − a))α]
deg(f0)
)
< 1.
Note that any smaller a > 0 will still satisfy these equations.
Let U be a finite covering of M by open domains of injectivity for f .
Redefining sets in U , we may assume x0 = (m0, n0) belongs to exactly one
such domain U . Let r > 0 be small enough that B2r(x0) ⊂ U . Define
ρ = ηr ∗ g, where ηr(z) = (1/r2)η(z/r), η the standard mollifier, and
g(m,n) =
{
λ(1− a), if (m,n) ∈ Br(x0);
λ(1 + a), otherwise.
Finally, define a perturbation f of f0 by
f(m,n) = (m0 + λ(m−m0), n0 + (ρ(m,n)/λ)(n − n0)).
Then x0 is a saddle point of f and the desired conditions are satisfied for
A = B2r(x0), L = 1/(1− a) and σ = 1+ 2a. The only non-trivial condition
is (f3). To show it, note that
ρ(x)− ρ(y) =
∫
S
2a
λ(1− a2)ηr(z) dz −
∫
S′
2a
λ(1− a2)ηr(z) dz,
where S = {z ∈ R2 : x − z ∈ Br(x0), y − z /∈ Br(x0)} and S′ = {z ∈ R2 :
y − z ∈ Br(x0), x − z /∈ Br(x0)}. Take x, y ∈ R2 and write |x − y| = qr,
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Aq = {z ∈ R2 : 1− q < |z| < 1}. We have
|ρ(x)− ρ(y)|
|x− y|ζ ≤
2aηr(S)
λ(1− a2)qζrζ ≤
2aη(Aq)/q
ζ
λ(1− a2) .
Since N = supq>0 η(Aq)/q
ζ < +∞, we can take a so small that 2aN/(1 −
a) < ǫ, therefore Hζ(ρ) < ǫ inf ρ.
3. Preliminaries
Through this section, we expose some preliminary results which are al-
ready established and construct the functional analytic framework suitable
for our approach. Some of results presented here are from [20] and [19]. For
the reader convenience, we provide the proofs of the main ones.
3.1. Weak and Strong Spaces.
3.1.1. L∞-like spaces. In this subsection, we construct the vector spaces of
signed measures which we are going to work with. More precisely, we define
the norm used in the left hand side of equation 1.
To make it possible, we need to briefly recall about disintegration of mea-
sures and state the Rokhlin’s Disintegration Theorem and fix some nota-
tions.
Rokhlin’s Disintegration Theorem. Consider a probability space (Σ,B, µ)
and a partition Γ of Σ into measurable sets γ ∈ B. Denote by π : Σ −→ Γ
the projection that associates to each point x ∈ M the element γx of Γ
which contains x, i.e., π(x) = γx. Let B̂ be the σ-algebra of Γ provided by
π. Precisely, a subset Q ⊂ Γ is measurable if, and only if, π−1(Q) ∈ B. We
define the quotient measure µx on Γ by µx(Q) = µ(π−1(Q)).
The proof of the following theorem can be found in [23], Theorem 5.1.11
(items a), b) and c)) and Proposition 5.1.7 (item d)).
Theorem 3.1. (Rokhlin’s Disintegration Theorem) Suppose that Σ is a com-
plete and separable metric space, Γ is a measurable partition of Σ and µ is
a probability on Σ. Then, µ admits a disintegration relative to Γ, i.e., a
family {µγ}γ∈Γ of probabilities on Σ and a quotient measure µx as above,
such that:
(a) µγ(γ) = 1 for µx-a.e. γ ∈ Γ;
(b) for all measurable set E ⊂ Σ the function Γ −→ R defined by γ 7−→
µγ(E), is measurable;
(c) for all measurable set E ⊂ Σ, it holds µ(E) = ∫ µγ(E)dµx(γ).
(d) If the σ-algebra B on Σ has a countable generator, then the disinte-
gration is unique in the following sense. If ({µ′γ}γ∈Γ, µx) is another
disintegration of the measure µ relative to Γ, then µγ = µ
′
γ, for
µx-almost every γ ∈ Γ.
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3.1.2. The L∞ and S∞ spaces. Let SB(Σ) be the space of Borel signed
measures on Σ := M × K. Given µ ∈ SB(Σ) denote by µ+ and µ− the
positive and the negative parts of its Jordan decomposition, µ = µ+−µ− (see
remark 3.3). Let πx : Σ −→ M be the projection defined by πx(x, y) = x,
denote by πx∗ :SB(Σ) → SB(M) the pushforward map associated to πx.
Denote by AB the set of signed measures µ ∈ SB(Σ) such that its associated
positive and negative marginal measures, πx∗µ
+ and πx∗µ
−, are absolutely
continuous with respect to m1, i.e.,
AB = {µ ∈ SB(Σ) : πx∗µ+ << m1 and πx∗µ− << m1}.
Given a probability measure µ ∈ AB on Σ, Theorem 3.1 describes a disin-
tegration
({µγ}γ , µx) along Fs by a family {µγ}γ of probability measures
on the stable leaves1 and, since µ ∈ AB, µx can be identified with a non
negative marginal density φx : M −→ R, defined almost everywhere, with
|φx|1 = 1. For a general (non normalized) positive measure µ ∈ AB we can
define its disintegration in the same way. In this case, µγ are still probability
measures, φx is still defined and |φx|1 = µ(Σ).
Definition 3.2. Let πy : Σ −→ K be the projection defined by πy(x, y) = y.
Let γ ∈ Fs, consider πγ,y : γ −→ K, the restriction of the map πy : Σ −→ K
to the vertical leaf γ, and the associated pushforward map πγ,y∗. Given a
positive measure µ ∈ AB and its disintegration along the stable leaves Fs,({µγ}γ , µx = φxm1), we define the restriction of µ on γ and denote it
by µ|γ as the positive measure on K (not on the leaf γ) defined, for all
mensurable set A ⊂ K, as
µ|γ(A) = πγ,y∗(φx(γ)µγ)(A).
For a given signed measure µ ∈ AB and its Jordan decomposition µ =
µ+ − µ−, define the restriction of µ on γ by
µ|γ = µ+|γ − µ−|γ .
Remark 3.3. As proved in Appendix 2 of [19], the restriction µ|γ does not
depend on the decomposition. Precisely, if µ = µ1 − µ2, where µ1 and µ2
are any positive measures, then µ|γ = µ1|γ − µ2|γ m1-a.e. γ ∈M .
Let (X, d) be a compact metric space, g : X −→ R be a ζ-Ho¨lder function
and let Hζ(g) be its best ζ-Ho¨lder’s constant, i.e.,
Hζ(g) = sup
x,y∈X,x 6=y
{ |g(x) − g(y)|
d(x, y)ζ
}
. (12)
In what follows, we present a generalization of theWasserstein-Kantorovich-
like metric given in [19] and [11].
1In the following to simplify notations, when no confusion is possible we will indicate
the generic leaf or its coordinate with γ.
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Definition 3.4. Given two signed measures µ and ν on X, we define a
Wasserstein-Kantorovich-like distance between µ and ν by
W ζ1 (µ, ν) = sup
Hζ(g)≤1,|g|∞≤1
∣∣∣∣∫ gdµ − ∫ gdν∣∣∣∣ .
Since the constant ζ is fixed, from now on we denote
||µ||W :=W ζ1 (0, µ), (13)
and observe that ||·||W defines a norm on the vector space of signed measures
defined on a compact metric space. It is worth to remark that this norm is
equivalent to the dual of the ζ-Ho¨lder norm.
Definition 3.5. Let L∞ ⊆ AB(Σ) be defined as
L∞ =
{
µ ∈ AB : ess sup(W ζ1 (µ+|γ , µ−|γ)) <∞
}
,
where the essential supremum is taken over M with respect to m1. Define
the function || · ||∞ : L∞ −→ R by
||µ||∞ = ess sup(W ζ1 (µ+|γ , µ−|γ)).
Finally, consider the following set of signed measures on Σ
S∞ = {µ ∈ L∞;φx ∈ Hζ} , (14)
and the function, || · ||S∞ : S∞ −→ R, defined by
||µ||S∞ = |φx|ζ + ||µ||∞.
The proof of the next proposition is straightforward and can be found in
[22].
Proposition 3.6. (L∞, || · ||∞) and (S∞, || · ||S∞) are normed vector spaces.
3.2. The transfer operator associated to F . In this section, we consider
the transfer operator associated to skew product maps as defined in Section
2, acting on our disintegrated measures spaces defined in Section 3.1.1. For
such transfer operators and measures it holds a kind of Perron-Frobenius
formula, which is somewhat similar to the one used for one-dimensional
maps.
Consider the pushforward map F∗ associated with F , defined by
[F∗ µ](E) = µ(F
−1(E)),
for each signed measure µ ∈ SB(Σ) and for each measurable set E ⊂ Σ,
where Σ := M ×K. When F∗ acts on the vector space SB(Σ) or on suitable
vector subspaces of more regular measures, F∗ is a linear map. For this
reason, we also call it “transfer operator associated to F”. The proofs of
the following three results can be found in [20].
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Lemma 3.7. For every probability µ ∈ AB disintegrated by ({µγ}γ , φx),
the disintegration ({(F∗ µ)γ}γ , (F∗ µ)x) of the pushforward F∗ µ satisfies the
following relations
(F∗ µ)x = Pf (φx)m1 (15)
and
(F∗ µ)γ = νγ :=
1
Pf (φx)(γ)
deg(f)∑
i=1
φx
|detDfi| ◦ f
−1
i (γ) · χfi(Pi)(γ) · F∗ µf−1i (γ)
(16)
when Pf (φx)(γ) 6= 0. Otherwise, if Pf (φx)(γ) = 0, then νγ is the Lebesgue
measure on γ (the expression
φx
|detDfi| ◦ f
−1
i (γ) ·
χfi(Pi)(γ)
Pf (φx)(γ)
· F∗ µf−1i (γ) is
understood to be zero outside fi(Pi) for all i = 1, · · · ,deg(f)). Here and
above, χA is the characteristic function of the set A.
Proposition 3.8. Let γ ∈ Fs be a stable leaf. Let us define the map Fγ :
K −→ K by
Fγ = πy ◦ F |γ ◦ π−1γ,y. (17)
Then, for each µ ∈ L∞ and for almost all γ ∈M (interpreted as the quotient
space of leaves) it holds
(F∗ µ)|γ =
deg(f)∑
i=1
Fγi∗ µ|γiρi(γi)χfi(Pi)(γ) m1−a.e. γ ∈M (18)
where Fγi∗ is the pushforward map associated to Fγi , γi = f
−1
i (γ) when
γ ∈ fi(Pi) and ρi(γ) =
1
|det(f ′i (γ))|
, where fi = f |Pi.
Sometimes (see also Remark 2.2) it will be convenient to use the following
expression for (F∗ µ)|γ :
Corollary 3.9. For each µ ∈ L∞ it holds
(F∗ µ)|γ =
deg(f)∑
i=1
Fγi∗ µ|γiρi(γi) m1−a.e. γ ∈M, (19)
where γi is the i-th pre image of γ, i = 1, · · · ,deg(f).
3.3. Basic properties of the norms and convergence to equilibrium.
In this section, we show important properties of the norms and their behavior
with respect to the transfer operator. In particular, the following item (1)
shows continuity and weak contraction for transfer operators with respect
to the norm || · ||∞. Items (2) and (3) provide Lasota-Yorke inequalities for
the norms || · ||∞ and || · ||S∞ which shows a regularizing property of the
transfer operator with respect to these norms. Such inequalities are also
usually called Doeblin-Fortet inequalities.
12 RAFAEL A. BILBAO, RICARDO BIONI, AND RAFAEL LUCENA
(1) (Weak Contraction for || · ||∞) If µ ∈ L∞ then
||F∗ µ||∞ ≤ ||µ||∞; (20)
(2) (Lasota-Yorke inequality for S∞) There exist A, B2 > 0 and λ < 1
(λ = β2 of Corollary 2.4) such that, for all µ ∈ S1, it holds
||Fn∗ µ||S∞ ≤ Aλn||µ||S∞ +B2||µ||∞, ∀n ≥ 1; (21)
(3) For every signed measure µ ∈ L∞ it holds
||Fn∗ µ||∞ ≤ (αζ)n||µ||∞ + α|φx|∞, (22)
where α = 1
1−αζ
.
3.4. Convergence to equilibrium. Let X be a compact metric space.
Consider the space SB(X) of signed Borel measures on X. In the following,
we consider two further normed vectors spaces of signed Borel measures on
X. The spaces (Bs, || ||s) ⊆ (Bw, || ||w) ⊆ SB(X) with norms satisfying
|| ||w ≤ || ||s.
We say that a Markov operator
L : Bw −→ Bw
has convergence to equilibrium with speed at least Φ and with respect to
the norms || · ||s and || · ||w, if for each µ ∈ Vs, where
Vs = {µ ∈ Bs, µ(X) = 0} (23)
is the space of zero-average measures, it holds
||Ln(µ)||w ≤ Φ(n)||µ||s,
where Φ(n) −→ 0 as n −→∞.
Let us consider the set of zero average measures in S∞ defined by
Vs = {µ ∈ S∞ : µ(Σ) = 0}. (24)
Note that, for all µ ∈ Vs we have πx∗µ(M) = 0. Moreover, since πx∗µ =
φxm1 (φx = φ
+
x − φ−x ), we have
∫
M
φxdm1 = 0. This allows us to apply
Theorem 2.1 in the proof of the next proposition.
Theorem 3.10 (Exponential convergence to equilibrium). There exist D2 ∈
R and 0 < β1 < 1 such that for every signed measure µ ∈ Vs, it holds
||Fn∗ µ||∞ ≤ D2βn1 ||µ||S∞ ,
for all n ≥ 1, where β1 = max{
√
r,
√
αζ} and D2 = (
√
αζ
−1
+ αD
√
r
−1
).
Proof. In this proof, to simplify the notation, we denote the constant αζ
just by α.
Given µ ∈ Vs and denoting φx = φ+x − φ−x , it holds that
∫
φxdm1 = 0.
Moreover, Theorem 2.1 yields |Pnf (φx)|ζ ≤ Drn|φx|ζ for all n ≥ 1, then
(since |φx|∞ ≤ ‖µ‖∞) |Pnf (φx)|ζ ≤ Drn||µ||S∞ , for all n ≥ 1.
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Let l and 0 ≤ d ≤ 1 be the coefficients of the division of n by 2, i.e.,
n = 2l + d. Thus, l = n−d2 (by equation (20), we have ||Fn∗ µ||∞ ≤ ||µ||∞,
for all n, and ||µ||∞ ≤ ||µ||S∞) and by equation (22), it holds (below, set
β1 = max{
√
r,
√
αζ})
||Fn∗ µ||∞ = ||F2l+d∗ µ||∞
≤ (αζ)l||Fl+d∗ µ||∞ + α
∣∣∣∣d(πx∗(Fl+d∗ µ))dm1
∣∣∣∣
∞
≤ (αζ)l||µ||∞ + α|Plf (φx)|∞
≤ (
√
αζ
−1
+ αD
√
r
−1
)βn1 ||µ||S∞
≤ D2βn1 ||µ||S∞ ,
where D2 = (
√
αζ
−1
+ αD
√
r
−1
). 
3.5. Ho¨lder-Measures. In this section define what is a Holder’s constant
of a signed measure on Σ.
We apply the fact that G satisfies the property (G2) (all previous results
doe not depend on (G2)). Moreover, besides satisfying equation (6), the
constant L mentioned in (f1) and (f3) is also supposed to be close enough
to 1 such that (α · L)ζ < 1 (or α is close enough to 0). It is clearly satisfied
by example 2.1 and hence by example 2.2 of section 2.2.
We have seen that a positive measure on M × K can be disintegrated
along the stable leaves Fs in a way that we can see it as a family of pos-
itive measures on M , {µ|γ}γ∈Fs . Since there is a one-to-one correspon-
dence between Fs and M , this defines a path in the metric space of pos-
itive measures (SB(K)) defined on K, M 7−→ SB(K), where SB(K) is
endowed with the Wasserstein-Kantorovich-like metric (see definition 3.4).
It will be convenient to use a functional notation and denote such a path
by Γµ : M −→ SB(K) defined almost everywhere by Γµ(γ) = µ|γ , where
({µγ}γ∈M , φx) is some disintegration of µ. However, since such a disintegra-
tion is defined µ̂-a.e. γ ∈M , the path Γµ is not unique. For this reason we
define more precisely Γµ as the class of almost everywhere equivalent paths
corresponding to µ.
Definition 3.11. Consider a positive Borel measure µ on M × K and a
disintegration ω = ({µγ}γ∈M , φx), where {µγ}γ∈M is a family of probabilities
onM×K defined µ̂-a.e. γ ∈M (where µ̂ := πx∗µ = φxm1) and φx : Σ+A −→
R is a non-negative marginal density. Denote by Γµ the class of equivalent
paths associated to µ
Γµ = {Γωµ}ω,
where ω ranges on all the possible disintegrations of µ and Γωµ : M −→
SB(K) is the map associated to a given disintegration, ω:
Γωµ(γ) = µ|γ = π∗γ,yφx(γ)µγ .
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Let us call the set on which Γωµ is defined by IΓωµ (⊂M).
Definition 3.12. For a given 0 < ζ < 1, a disintegration ω of µ and
its functional representation Γωµ we define the ζ-Ho¨lder constant of µ
associated to ω by
|µ|ωζ := ess supγ1,γ2∈IΓωµ
{ ||µ|γ1 − µ|γ2 ||W
d1(γ1, γ2)
ζ
}
. (25)
Finally, we define the ζ-Ho¨lder constant of the positive measure µ by
|µ|ζ := inf
Γωµ∈Γµ
{|µ|ωζ }. (26)
Remark 3.13. When no confusion is possible, to simplify the notation, we
denote Γωµ(γ) just by µ|γ .
Definition 3.14. From the Definition 3.12 we define the set of the ζ-Ho¨lder
positive measures H+ζ as
H+ζ = {µ ∈ AB : µ ≥ 0, |µ|ζ <∞}. (27)
For the next lemma, for a given path, Γµ which represents the measure
µ, we define for each γ ∈ IΓωµ ⊂M , the map
µF (γ) := Fγ∗ µ|γ , (28)
where Fγ : K −→ K is defined as
Fγ(y) = πy ◦ F ◦ (πy|γ)−1(y) (29)
and πy :M ×K −→ K is the projection πy(x, y) = y.
Lemma 3.15. Suppose that F : Σ −→ Σ satisfies (G1) and (G2). Then,
for all µ ∈ H+ζ which satisfy φx = 1 m1-a.e., it holds
||Fx∗ µ|x − Fy∗ µ|y||W ≤ αζ |µ|ζd1(x, y)ζ + |G|ζd1(x, y)ζ ||µ||∞,
for all x, y ∈ Pi and all i = 1, · · · ,deg(f).
Proof. Since (µ|x − µ|y)(K) = 0 (φx = 1 m1-a.e.), by Lemma ??, it holds
||Fx∗ µ|x − Fy∗ µ|y||W ≤ ||Fx∗ µ|x − Fx∗ µ|y||W + ||Fx∗ µ|y − Fy∗ µ|y||W
≤ αζ ||µ|x − µ|y||W + ||Fx∗ µ|y − Fy∗ µ|y||W
≤ αζ |µ|ζd1(x, y)ζ + ||Fx∗ µ|y − Fy∗ µ|y||W .
Let us estimate the second summand ||Fx∗ µ|y − Fy∗ µ|y||W . To do it, let
g : K −→ R be a ζ-Ho¨lder function s.t. Hζ(g), |g|∞ ≤ 1. By equation (29),
we get
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∣∣∣∣∫ gd(Fx∗ µ|y)− ∫ gd(Fy∗ µ|y)∣∣∣∣ = ∣∣∣∣∫ g(G(x, z))d(µ|y)(z)
−
∫
g(G(y, z))d(µ|y)(z)
∣∣∣∣
≤
∫
|G(x, z) −G(y, z)|d(µ|y)(z)
≤ |G|ζd1(x, y)ζ
∫
1d(µ|y)(z)
≤ |G|ζd1(x, y)ζ ||µ|y||W .
Thus, taking the supremum over g and the essential supremum over y, we
get
||Fx∗ µ|y − Fy∗ µ|y||W ≤ |G|ζd1(x, y)ζ ||µ||∞. 
For the next proposition and henceforth, for a given path Γωµ ∈ Γµ (associ-
ated with the disintegration ω = ({µγ}γ , φx), of µ), unless written otherwise,
we consider the particular path ΓωF∗ µ ∈ ΓF∗ µ defined by the Corollary 3.9,
by the expression
ΓωF∗ µ(γ) =
deg(f)∑
i=1
Fγi∗ Γ
ω
µ(γi)ρi(γi) m1−a.e. γ ∈M. (30)
Recall that Γωµ(γ) = µ|γ := πy∗(φx(γ)µγ) and in particular ΓωF∗ µ(γ) =
(F∗ µ)|γ = πy∗(Pf φx(γ)µγ), where φx =
dπx∗µ
dm1
and Pf is the Perron-
Frobenius operator of f .
Proposition 3.16. If F : Σ −→ Σ satisfies (f1), (f2), (f3), (G1), (G2) and
α · Lζ < 1, then there exist 0 < β < 1 and D > 0, such that for all µ ∈ H+ζ
which satisfy φx = 1 m1-a.e. and for all Γ
ω
µ ∈ Γµ, it holds
|ΓωF∗µ|ζ ≤ β|Γωµ |ζ +D2||µ||∞,
for β := (αL)ζ and D2 := {ǫρLζ + |G|ζLζ}.
Corollary 3.17. Suppose that F : Σ −→ Σ satisfies (f1), (f2), (f3), (G1),
(G2) and (α · L)ζ < 1. Then, for all µ ∈ H+ζ which satisfy φx = 1 m1-a.e.
and ||F∗ µ||∞ ≤ ||µ||∞, it holds
|ΓωF∗n µ|ζ ≤ βn|Γωµ |ζ +
D2
1− β ||µ||∞, (31)
for all n ≥ 1, where β and D2 are from Proposition 3.16.
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Remark 3.18. Taking the infimum over all paths Γωµ ∈ Γµ and all ΓωF∗n µ ∈
ΓF∗n µ on both sides of inequality (31), we get
|F∗n µ|ζ ≤ βn|µ|ζ + D2
1− β ||µ||∞. (32)
The above Equation (32) will give a uniform bound (see the proof of Theorem
3.19) for the Ho¨lder’s constant of the measure F∗
nm, for all n, where m is
defined as the product m = m1× ν, for a fixed probability measure ν on K.
The uniform bound will be useful later on.
Remark 3.19. Consider the probability measurem defined in Remark 3.18,
i.e., m = m1 × ν, where ν is a given probability measure on K and m1 is
the f -invariant measure fixed in the subsection 2.1.1. Besides that, consider
its trivial disintegration ω0 = ({mγ}γ , φx), given by mγ = π−1y,γ∗ ν, for all γ
and φx ≡ 1. According to this definition, it holds that
m|γ = ν, ∀ γ.
In other words, the path Γω0m is constant: Γ
ω0
m (γ) = ν for all γ. Moreover,
for each n ∈ N, let ωn be the particular disintegration of the measure F∗nm
defined from ω0 as an application of Lemma 3.7, and consider the path
ΓωnF∗nm associated with this disintegration. By Proposition 3.8, we have
ΓωnF∗nm(γ) =
q∑
i=1
Fn
f−ni (γ)∗
ν
|detDfni ◦ f−ni (γ))|
χfni (Pi)(γ) m1 − a.e γ ∈M, (33)
where Pi, i = 1, · · · , q = q(n), ranges over the partition P(n) defined in the
following way: for all n ≥ 1, let P(n) be the partition of I s.t. P(n)(x) =
P(n)(y) if and only if P(1)(f j(x)) = P(1)(f j(y)) for all j = 0, · · · , n − 1,
where P(1) = P (see remark 2.2). This path will be used in section 9.
Theorem 3.20. Suppose that F : Σ −→ Σ satisfies (f1), (f2), (f3), (G1),
(G2) and (α · L)ζ < 1 and consider the unique F -invariant probability µ0 ∈
S∞. Then µ0 ∈ H+ζ and
|µ0|ζ ≤
D2
1− β ,
where D2 and β are from Proposition 3.16.
4. Quantitative stability of stochastic perturbations
In this subsection we present a general quantitative result relating the sta-
bility of the invariant measure of a ζ-uniform family of operators (Definition
4.1) and convergence to equilibrium.
In the following definition, for all δ ∈ [0, 1), let Lδ be a Markov operator
acting on two vector subspaces of signed measures on X, Lδ : (Bs, || · ||s) −→
(Bs, || · ||s) and Lδ : (Bw, || · ||w) −→ (Bw, || · ||w), endowed with two norms,
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the strong norm || · ||s on Bs, and the weak norm || · ||w on Bw, such that
|| · ||s ≥ || · ||w. Suppose that,
Bs⊆Bw⊆SB(X),
where SB(X) denotes the space of Borel signed measures on X.
Definition 4.1. A one parameter family of transfer operators {Lδ}δ∈[0,1) is
said to be an ζ-uniform family of operators with respect to the weak
space (Bw, || · ||w) and the strong space (Bs, || · ||s) if || · ||s ≥ || · ||w and it
satisfies
P1 Let µδ ∈ Bs be a probability measure fixed under the operator Lδ.
Suppose there is M > 0 such that for all δ ∈ [0, 1), it holds
||µδ||s ≤M ;
P2 Lδ approximates L0 when δ is small in the following sense: there is
C ∈ R+ such that:
||(L0−Lδ)µδ||w ≤ δζC;
P3 L0 has exponential convergence to equilibrium with respect to the
norms || · ||s and || · ||w: there exists 0 < ρ2 < 1 and C2 > 0 such that
∀ µ ∈ Vs := {µ ∈ Bs : µ(X) = 0}
it holds
||Ln0 µ||w ≤ ρn2C2||µ||s;
P4 The iterates of the operators are uniformly bounded for the weak
norm: there exists M2 > 0 such that
∀δ, n, ν ∈ Bs it holds ||Lnδ ν||w ≤M2||ν||w.
Before the main result, we state a general lemma on the stability of fixed
points satisfying certain assumptions. Consider two operators L0 and Lδ
preserving a normed space of signed measures B ⊆SB(X) with norm || · ||B.
Suppose that f0, fδ ∈ B are fixed points of L0 and Lδ, respectively.
Lemma 4.2. Suppose that:
a) ||Lδ fδ − L0 fδ||B <∞;
b) For all i ≥ 1, Li0 is continuous on B: for each i ≥ 1, ∃Ci s.t. ∀g ∈
B, ||Li0 g||B ≤ Ci||g||B .
Then, for each N ≥ 1, it holds
||fδ − f0||B ≤ ||LN0 (fδ − f0)||B + ||Lδ fδ − L0 fδ||B
∑
i∈[0,N−1]
Ci.
Proof. The proof is a direct computation. First note that,
||fδ − f0||B ≤ ||LNδ fδ − LN0 f0||B
≤ ||LN0 f0 − LN0 fδ||B + ||LN0 fδ − LNδ fδ||B
≤ ||LN0 (f0 − fδ)||B + ||LN0 fδ − LNδ fδ||B.
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Moreover,
LN0 −LNδ =
N∑
k=1
L
(N−k)
0 (L0−Lδ) L(k−1)δ
hence
(L
N
0 −LNδ )fδ =
N∑
k=1
L
(N−k)
0 (L0−Lδ) L(k−1)δ fδ
=
N∑
k=1
L
(N−k)
0 (L0−Lδ)fδ
by item b), we have
||(LN0 −LNδ )fδ||B ≤
N∑
k=1
CN−k||(L0−Lδ)fδ||B
≤ ||(L0−Lδ)fδ||B
∑
i∈[0,N−1]
Ci
and then
||fδ − f0||B ≤ ||LN0 (f0 − fδ)||B + ||(L0−Lδ)fδ||B
∑
i∈[0,N−1]
Ci.

5. Quantitative stability of deterministic perturbations
In this subsection we apply the above general result on ζ-uniform family
of operators (Theorem B) to a suitable family of partially hyperbolic skew
products. We consider families of maps as defined in Section 2.1 defining
uniform family of piecewise partially hyperbolic maps (see Definitions 4.1
and 5.2). For these families we prove that the invariant measures associated
to a size δ perturbation varies continuously as the map is perturbed, with
modulus of continuity δζ log δ.
The proof will be postponed to the end of the section.
Remark 5.1. A straightforward computation (see the proof of Lemma ??)
yields || · ||W ≤ || · ||∞. Then, by Theorem (D), it holds
||µδ − µ0||W ≤ Aδζ log δ,
for some A > 0. Therefore, for all ζ-Holder function g : Σ −→ R, the
following estimate holds
|
∫
gdµδ −
∫
gdµ0| ≤ A||g||ζδζ log δ,
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where ||g||ζ = ||g||∞+Hζ(g) (see equation (12), for the definition of Hζ(g)).
Thus, for all ζ-Holder function, g : Σ −→ R, the limit lim
δ−→0
∫
gdµδ =
∫
gdµ0
holds, with rate of convergence smaller than or equal to δζ log δ.
Definition 5.2. A family of maps {Fδ}δ∈[0,1) is said to be a Uniform
piecewise partially hyperbolic perturbation (UPPH-perturbation) if
Fδ satisfies (f1), (f2), (f3), (G1) and (G2) for all δ ∈ [0, 1) and the following
additional assumptions:
(U1): There exist constants D > 0 and 0 < λ < 1 such that for all g ∈ Hζ ,
for all δ ∈ [0, 1) and all n ≥ 1, it holds
|Pnfδ g|ζ ≤ Dλn|g|ζ +D|g|∞, (34)
where |g|ζ := Hζ(g)+ |g|∞ and Pfδ is the Perron-Frobenius operator
of fδ;
(U2): There exists a small enough δ0 and a constant K5, such that for all
δ ∈ (0, δ1) it holds the following three conditions
1.
q∑
i=1
∣∣∣∣ 1detDfδ(γδ,i) − 1detDf0(γ0,i)
∣∣∣∣ ≤ K5δ;
2. sup
(0,δ0)
sup
1
detDfδ · detDf0
≤ K5;
3. deg(fδ) = q := deg(f0), for all δ ∈ (0, δ1);
Moreover, there exists a diffeomorphism σδ :M −→M such that
f0 = fδ ◦ σδ and σδ satisfies |σ(x) − x| ≤ δ, | 1σ′(x) − 1| ≤ δ. In this
case, it holds
d1(γ0,i, γδ,i) ≤ K5δ, (35)
for all δ.
(U3): G0 and Gδ are δ-close in the sup norm: for each δ
|G0(x, y)−Gδ(x, y)| ≤ δ;
(U4): Set βδ := (αδLδ)
ζ and D2,δ := {ǫρ,δLζδ + |Gδ |ζLζδ}. Suppose that,
sup
δ
βδ < 1
and
sup
δ
D2,δ <∞.
Theorem 5.3. Let {Fδ}δ∈[0,1) be a UPPH-perturbation. Denote by Fδ∗ their
transfer operators and by µδ their fixed points (probabilities) in S
∞. Suppose
that the family {µδ}δ∈[0,1) satisfies
|µδ|ζ ≤ Bu,
for all small enough δ. Then, there is a constant C1 such that, it holds
||(F0∗−Fδ∗)µδ||∞ ≤ C1δζ ,
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for all small enough δ. Where C1 = |G0|ζKζ5+1+K5 sup
1
detDfδ · detDf0
+
Kζ5Bu.
Proof. Let us estimate
||(F0∗−Fδ∗)µδ||∞ = ess supM ||(F0∗ µδ)|γ − (Fδ∗ µδ)|γ ||W . (36)
Denote by fδ,i, with 0 ≤ i ≤ q, the branches of fδ defined in the sets
Pi ∈ P, fδ,i = fδ|Pi . Moreover, denote γδ,i := f−1δ,i (γ), for all γ ∈ M and
remember that there exists (see equation 35) K5 > 0 such that
d1(γ0,i, γδ,i) ≤ K5δ. (37)
We also recall that (item 3. of (U2)), the degree of fδ are the same for all
δ and fδ(Pi) = M for all i and all δ and the partition P depends on δ but,
since this is not important on the following proof (because of the property
fδ(Pi) =M mentioned above), we do not consider the parameter δ.
Thus, denoting Fδ,γδ,i := Fδ,f−1δ,i (γ)
, we get
(F0∗µ− Fδ∗µ)|γ =
q∑
i=1
F0,γ0,i ∗µ|γ0,i
detDf0(γ0,i)
−
q∑
i=1
Fδ,γδ,i ∗µ|γδ,i
detDfδ(γδ,i)
, µx − a.e. γ ∈M.
Then, we have
||(F0∗−Fδ∗)µδ||∞ ≤ I+ II,
where
I := ess supM
∣∣∣∣∣
∣∣∣∣∣
q∑
i=1
F0,γ0,i ∗µ|γ0,i
detDf0(γ0,i)
−
q∑
i=1
Fδ,γδ,i ∗µ|γ0,i
detDfδ(γδ,i)
∣∣∣∣∣
∣∣∣∣∣
W
(38)
and
II := ess supM
∣∣∣∣∣
∣∣∣∣∣
q∑
i=1
Fδ,γδ,i ∗µ|γ0,i
detDfδ(γδ,i)
−
q∑
i=1
Fδ,γδ,i ∗µ|γδ,i
detDfδ(γδ,i)|
∣∣∣∣∣
∣∣∣∣∣
W
. (39)
Let us estimate I, of equation (38). By an analogous application of the
triangular inequality, we have
I ≤ Ia+Ib,
where
Ia :=
∣∣∣∣∣
∣∣∣∣∣
q∑
i=1
F0,γ0,i ∗µ|γ0,i
detDf0(γ0,i)
−
q∑
i=1
Fδ,γδ,i ∗µ|γ0,i
detDf0(γ0,i)
∣∣∣∣∣
∣∣∣∣∣
W
(40)
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and
Ib :=
∣∣∣∣∣
∣∣∣∣∣
q∑
i=1
Fδ,γδ,i ∗µ|γ0,i
detDf0(γ0,i)
−
q∑
i=1
Fδ,γδ,i ∗µ|γ0,i
detDfδ(γδ,i)
∣∣∣∣∣
∣∣∣∣∣
W
. (41)
The summands will be treated separately. For Ia, we have
Ia ≤
q∑
i=1
∣∣∣∣∣
∣∣∣∣∣ F0,γ0,i ∗µ|γ0,idetDf0(γ0,i) −
q∑
i=1
Fδ,γδ,i ∗µ|γ0,i
detDf0(γ0,i)
∣∣∣∣∣
∣∣∣∣∣
W
≤
q∑
i=1
∣∣∣∣∣∣(F0,γ0,i ∗ − Fδ,γδ,i ∗)µ|γ0,i∣∣∣∣∣∣
W
detDf0(γ0,i)
≤
q∑
i=1
∣∣∣∣∣∣(F0,γ0,i ∗ − F0,γδ,i ∗)µ|γ0,i∣∣∣∣∣∣
W
detDf0(γ0,i)
+
q∑
i=1
∣∣∣∣∣∣(F0,γδ,i ∗ − Fδ,γδ,i ∗)µ|γ0,i∣∣∣∣∣∣
W
detDf0(γ0,i)
≤
(
q∑
i=1
1
detDf0(γ0,i)
)
|G0|ζd1(γ0,i, γδ,i)ζ ||µ|γ0,i ||W +
(
q∑
i=1
1
detDf0(γ0,i)
)
δ||µ|γ0,i ||W
≤ |G0|ζd1(γ0,i, γδ,i)ζ + δ
≤ |G0|ζKζ5δζ + δ.
For Ib, we have
Ib ≤
q∑
i=1
∣∣∣∣∣
∣∣∣∣∣ Fδ,γδ,i ∗µ|γ0,idetDf0(γ0,i) − Fδ,γδ,i ∗µ|γ0,idetDfδ(γδ,i)
∣∣∣∣∣
∣∣∣∣∣
W
≤
q∑
i=1
∣∣∣∣ 1detDf0(γ0,i) − 1detDfδ(γδ,i)
∣∣∣∣ ∣∣∣∣∣∣Fδ,γδ,i ∗µ|γ0,i∣∣∣∣∣∣
W
≤ sup 1
detDfδ · detDf0
q∑
i=1
∣∣∣∣ 1detDf0(γ0,i) − 1detDfδ(γδ,i)
∣∣∣∣
≤ K5δ sup
δ
sup
1
detDfδ · detDf0 .
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Let us estimate II,
II ≤
q∑
i=1
∣∣∣∣∣
∣∣∣∣∣ Fδ,γδ,i ∗µ|γ0,idetDfδ(γδ,i) − Fδ,γδ,i ∗µ|γδ,idetDfδ(γδ,i)
∣∣∣∣∣
∣∣∣∣∣
W
≤
q∑
i=1
∣∣∣∣ 1detDfδ(γδ,i)
∣∣∣∣ ∣∣∣∣∣∣Fδ,γδ,i ∗(µ|γ0,i − µ|γδ,i)∣∣∣∣∣∣
W
≤
q∑
i=1
∣∣∣∣ 1detDfδ(γδ,i)
∣∣∣∣ ∣∣∣∣∣∣µ|γ0,i − µ|γδ,i∣∣∣∣∣∣
W
≤
q∑
i=1
∣∣∣∣ 1detDfδ(γδ,i)
∣∣∣∣ d1(γδ,i, γ0,i)ζ |µ|ζ
≤
q∑
i=1
∣∣∣∣ 1detDfδ(γδ,i)
∣∣∣∣Kζ5δζ |µ|ζ
≤ Kζ5δζBu.
Since ζ < 1, then δ ≤ δζ . Thus, all these facts yields
||(F0∗−Fδ∗)µδ||∞ ≤ I+ II
≤ Ia+Ib+II
≤ |G0|ζKζ5δζ + δ +K5δ sup
δ
sup
1
detDfδ · detDf0
+Kζ5δ
ζBu
≤ C1δζ ,
where C1 = |G0|ζKζ5 + 1 +K5 sup
1
detDfδ · detDf0 +K
ζ
5Bu. 
6. Proof of Theorem A
First of all, let us prove the existence and uniqueness of an F -invariant
measure in S∞. The next lemma 6.1 ensures the existence and uniqueness
of an F -invariant measure which projects on m1. Since its proof is done by
standard arguments (see [24], for instance), we skip it.
Lemma 6.1. There exists an unique measure µ0 on M × K such that for
every continuous function ψ ∈ C0(M ×K) it holds
lim
∫
inf
γ×K
ψ ◦ Fndm1(γ) = lim
∫
sup
γ×K
ψ ◦ Fndm1(γ) =
∫
ψdµ0. (42)
Moreover, the measure µ0 is F -invariant and πx∗µ0 = m1.
Let µ0 be the F -invariant measure such that πx∗µ0 = m1 (which do exist
by Lemma 6.1), where 1 is the unique f -invariant density in Hζ . Suppose
that g : K −→ R is a ζ-Ho¨lder function such that |g|∞ ≤ 1 and Hζ(g) ≤ 1.
QUANTITATIVE STABILITY FOR EQUILIBRIUM STATES OF SKEW PRODUCTS 23
Then, it holds
∣∣∫ gd(µ0|γ)∣∣ ≤ |g|∞ ≤ 1. Hence, µ0 ∈ L∞. Since, πx∗µ0dm1 ≡ 1,
we have µ0 ∈ S∞.
The uniqueness follows directly from Proposition 3.10, since the difference
between two probabilities (µ1 − µ0) is a zero average signed measure.
Definition 6.2. Let F : Σ −→ Σ be a continuous map, with Σ = M ×K
compact set and F (x, y) = (f(x), G(x, y)) where f :M −→M and G(x, ·) :
K −→ K for all x ∈ M . Given E ⊂ Σ is a (n, ε)−spanning set if for every
(x0, y0) ∈ Σ, there exists (x1, y1) ∈ E such that, for all j ∈ {0, 1, ..., n − 1}
d(F j(x0, y0), F
j(x1, y1)) = d((f
j(x0), G
j
x0
(y0)), (f
j(x1), G
j
x1
(y1))
= d1(f
j(x0), f
j(x1)) + d2(G
j
x0
(y0), G
j
x1
(y1))
< ε.
where d1 and d2 are the metric on M and K respectively. For ϕ ∈ C0(M ×
K,R)(continuous functions space), define the topological pressure of ϕ
by
Pt(F,ϕ) := lim
ε→0
lim sup
n→∞
1
n
log inf
E⊂Σ
( ∑
(x,y)∈E
exp(Snϕ(x, y))
)
where Sn(ϕ)(x, y) :=
∑n−1
j=0 ϕ(F
j(x, y)) =
∑n−1
j=0 ϕ(f
j(x), Gjx(y)) and in-
finium is taken over all (n, ε)− spanning subsets E of Σ.
It is known that the variational principle occurs, i.e.,
Pt(F,ϕ) = sup
µ∈M1F (M×K)
{
hµ(F ) +
∫
ϕdµ
}
(43)
where M1F (M × K) be the set of measures µ that are invariant by F (µ ◦
F−1 = µ). On the other hand, let ϕ∗ ∈ C0(M,R) and define
ϕ : M ×K −→ R
(x, y) 7−→ ϕ(x, y) := ϕ∗(x)
we have to, ϕ ∈ C0(M × K,R). Now, let M1m1(M × K) collection of all
probability measure µ on (M ×K,B) such that
πx∗µ = µ ◦ π−1x = m1
for πx : M × K → M as first projection (πx(x, y) = x). Therefore, by
Theorem 3.1 (Rokhli’s disintegration theorem) describes a disintegration({µγ}γ ,m1) of µ. So that∫
M×K
ϕdµ =
∫
M
∫
K
ϕ(γ, y)dµγ(y)dm1(γ)
=
∫
M
∫
K
ϕ∗(γ)dµγ(y)dm1(γ)
=
∫
M
ϕ∗(γ)dm1(γ) <∞.
24 RAFAEL A. BILBAO, RICARDO BIONI, AND RAFAEL LUCENA
If we consider E ⊂ M × K is a (n, ε)- spanning set, then by the metric
d, E∗ = {x ∈ M : (x, y) ∈ E} is a (n, ε)- spanning set for the system
f :M −→M . From hence and by definition of topological pressure, we get
Pt(f, ϕ
∗) ≤ Pt(F,ϕ). (44)
For the other inequality, we will use the following result.
Theorem 6.3 (Ledrappier-Walters Formula). Let Xˆ,X be compact metric
spaces and let Tˆ : Xˆ −→ Xˆ, T : X −→ X and πˆ : Xˆ −→ X be continuous
maps such that πˆ is surjective and πˆ ◦ Tˆ = T ◦ πˆ. Then
sup
νˆ;pˆi∗νˆ=ν
hνˆ(Tˆ ) = hν(T ) +
∫
htop(Tˆ , πˆ
−1(y))dν(y).
By be G(x, ·) : K −→ K uniform contraction for every x ∈ M , we have
than htop(F, π
−1
x (x)) = 0 for every x ∈M . Then, by Theorem 6.3, we obtain
hµ(F ) = hm1(f) (45)
for every m1 ∈ Mf (M) and µ ∈ MF (M × K) such that πx∗µ = m1.
Therefore, by (43) and (45) we get
Pt(F,ϕ) ≤ Pt(f, ϕ∗). (46)
Combined (44) and (46)
Pt(F,ϕ) = Pt(f, ϕ
∗) (47)
Proposition 6.4. If m1 ∈ Mf (M) is an equilibrium state for (f, ϕ∗), if
and only if µ ∈ MF (M ×K) such that m1 = πx∗µ, is an equilibrium states
for (F,ϕ). Moreover, if m1 is unique equilibrium states, then µ unique
equilibrium states.
Proof. Is followed by (45) and (47). The second part of the proof, we use
Lemma 6.1. 
7. Proof of Theorem B
Proof. (of theorem B)
First note that, if δ ≥ 0 is small enough, then δ ≤ −δ log δ. Moreover,
x− 1 ≤ ⌊x⌋, for all x ∈ R.
By P2,
||Lδ µδ − L0 µδ||w ≤ δζC
(see Lemma 4.2, item a) ) and P4 yields Ci ≤M2.
Hence, by Lemma 4.2 we have
||µδ − µ0||w ≤ δζCM2N + ||LN0 (µ0 − µδ)||w.
By the exponential convergence to equilibrium of L0 (P3), there exists 0 <
ρ2 < 1 and C2 > 0 such that (recalling that by P1 ||(µδ − µ0)||s ≤ 2M)
||LN0 (µδ − µ0)||w ≤ C2ρN2 ||(µδ − µ0)||s
≤ 2C2ρN2 M
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hence
||µδ − µ0||w ≤ δζCM2N + 2C2ρN2 M.
Choosing N =
⌊
log δ
log ρ2
⌋
, we have
||µδ − µ0||w ≤ δζCM2
⌊
log δ
log ρ2
⌋
+ 2C2ρ
⌊
log δ
log ρ2
⌋
2 M
≤ δζ log δCM2 1
log ρ2
+ 2C2ρ
log δ
log ρ2
−1
2 M
≤ δζ log δCM2 1
log ρ2
+
2C2ρ
log δ
log ρ2
2 M
ρ2
≤ δζ log δCM2 1
log ρ2
+
2C2δM
ρ2
≤ δζ log δCM2 1
log ρ2
− 2C2δ log δM
ρ2
≤ δζ log δ
(
CM2
log ρ2
− 2C2M
ρ2
)
.

8. Proof of Theorems C and D
Before to establish Theorem D, we need to prove some results. The proof
of theorem E was postponed to Section 9.
Proof. (of theorem C) We need to prove that {Fδ}δ∈[0,1) satisfies P1, P2, P3
and P4 of Definition 4.1. To prove P1, note that, by (U1) and Lemma ??
we have
||Fδ∗n µδ||S∞ = |Pnfδ φx|ζ + ||Fδ∗n µ||∞
≤ Dλn|φx|ζ +D|φx|∞ + ||µ||∞
≤ Dλn||µ||S∞ + (D + 1)||µ||∞.
Therefore, if µδ is a fixed probability measure for the operator Fδ∗, by the
above inequality we get P1 with M = D + 1.
A direct application of theorem 5.3 and Proposition E give P2. The items
P3 and P4 follow, respectively, from Proposition 3.10 and Lemma ?? applied
to each Fδ . 
Proof. (of Theorem D)
We directly apply the above propositions together with Theorem B. And
the proof of Theorem D is established.

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9. Proof of Theorem E
First we need a preliminary lemma.
Lemma 9.1. If {Fδ}δ∈[0,1) is a UPPH-perturbation. Then, there exist uni-
form constants 0 < βu < 1 and D2,u > 0 such that for every µ ∈ H+ζ which
satisfy φx = 1 m1-a.e., it holds
|ΓωFδ∗n µ|ζ ≤ βnu|Γωµ |ζ +
D2,u
1− βδ
||µ||∞, (48)
for all δ ∈ [0, 1) and all n ≥ 0.
Proof. We apply Corollary 3.17 to each Fδ and obtain,
|Fδ∗µ |ζ ≤ βδ|µ|ζ +D2,δ||µ||∞, ∀δ ∈ [0, 1),
where βδ := (αδLδ)
ζ and D2,δ := {ǫρ,δLζδ + |Gδ|ζLζδ}.
By U4, we define βu := sup
δ
βδ and D2,u := sup
δ
D2,δ and the result is
established.

Proof. (of Theorem E)
Consider the path ΓωnFδ∗nm, defined in Remark 3.19, which represents the
measure Fδ∗
nm.
According to Theorem A, let µδ ∈ S∞ be the unique Fδ-invariant proba-
bility measure in S∞. Consider the measure m, defined in Remark 3.19
and its iterates Fδ∗
n(m). By Theorem 3.10, these iterates converge to
µδ in L∞. It implies that the sequence {ΓωnFδ∗n(m)}n converges m1-a.e.
to Γωµδ ∈ Γµδ (in SB(K) with respect to the metric defined in definition
3.4), where Γωµδ is a path given by the Rokhlin Disintegration Theorem and{ΓωnFδ∗n(m)}n is given by equation (33). It implies that {Γ
ωn
Fδ∗
n(m)}n con-
verges pointwise to Γωµδ on a full measure set M̂δ ⊂ M . Let us denote
Γn,δ := Γ
ωn
Fδ∗
n(m)|M̂δ and Γδ := Γ
ω
µδ
|
M̂δ
. Since {Γn,δ}n converges pointwise to
Γδ, it holds |Γn,δ|ζ −→ |Γδ|ζ as n→∞. Indeed, let x, y ∈ M̂ . Then,
lim
n−→∞
||Γn,δ(x)− Γn,δ(y)||W
d1(x, y)ζ
=
||Γδ(x)− Γδ(y)||W
d1(x, y)ζ
.
On the other hand, by Lemma 9.1, the argument of the left hand side is
bounded by |Γn,δ|ζ ≤ Du
1− βu
for all n ≥ 1. Then,
||Γδ(x)− Γδ(y)||W
d1(x, y)ζ
≤ Du
1− βu
.
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Thus, |Γωµδ |ζ ≤
Du
1− βu
and taking the infimum we get |µδ|ζ ≤
Du
1− βu
. We
finish the proof defining Bu :=
Du
1− βu
.

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